We use open-closed string duality between F-theory on K3 × K3 and type II strings on CY manifolds without branes to study non-perturbative superpotentials in generalized flux compactifications. On the F-theory side we obtain the full flux potential including D3-instanton contributions and show that it leads to an explicit and simple realization of the three ingredients of the KKLT model for stringy dS vacua. The D3-instanton contribution is highly non-trivial, can be systematically computed including the determinant factors and demonstrates that a particular flux lifts very effectively zero modes on the instanton. On the closed string side, we describe a generalization of the Gukov-Vafa-Witten superpotential for type II strings on generalized CY manifolds, depending on all moduli multiplets.
Introduction
One of the central questions in string theory is regarding the existence and viability of "semi-realistic" 4d ground states. Much effort has been put recently in the study of the vacuum structure of effective potentials in flux compactifications. In particular ref. [1] (KKLT) outlined a qualitative picture of how 4d meta-stable de Sitter vacua may arise in flux compactifications in string theory.
The method based on effective potentials is not undisputed [2] and indeed this line of research is more experimental in spirit rather then deriving properties of the string vacuum structure from first principles. On a more modest level, one would like to see whether the assumptions in the KKLT ansatz can be met naturally and explicitly. There are essentially three basic ingredients: the classical flux potential fixing complex structure moduli, a nonperturbative contribution fixing Kähler moduli and a positive energy contribution that lifts the vacuum to de Sitter.
In the KKLT ansatz, the non-perturbative part arises from (possibly "fractional") D3-instantons, and these corrections to the potential have received much interest recently. D3-instanton contributions to the superpotential have been first studied in [3] , where a quite restrictive condition on the compactification geometry was found in order that such corrections arise. As a consequence, the superpotential tends to be simple, often too simple to allow for an interesting potential that fixes all (Kähler) moduli [4] [5] . This seems to require a considerable effort and expertise to find working examples [4] [6] and makes the proposal of KKLT somewhat unhandy. Moreover the computation of the full moduli dependence of the D3-instantons involves a 1-loop determinant, which depends in an intricate way on the moduli and has not been computed in general, in addition to summing over all possible instantons by hand.
In this paper we describe a simple flux compactification of F-theory on K3 × K3, where all three ingredients of the KKLT ansatz fall natural into place and the full moduli dependence of the non-perturbative D3-instanton sum can be computed explicitly. One of the important messages is that the flux is very effective in relaxing the geometric condition found in [3] , and leads to a highly non-trivial instanton sum in a geometry that would be too simple to generate a potential without flux. 1 . In particular the classical flux potential and the instanton part are intimately related and can not be considered independently. The explicit results are obtained by a string duality that relates the F-theory compactification to a closed string compactification of type II strings on CY, and they provide a nice testing ground for the ideas of [1] . The generation of new instanton corrections with a rich structure in the presence of flux suggests that the situation described in the KKLT ansatz is more generic and widespread then perhaps suggested by previous studies as refs. [4] [5] [6] .
Apart from giving an explicit realization of the KKLT model, the simple F-theory example on K3 × K3 turns out to have a surprisingly rich structure also in other respects. One is the effective gauged N = 2 supergravity for this compactification and the dual type 1 The condition in [3] was formulated in the dual M-theory compactification and says that the arithmetic genus of a divisor that contributes an instanton to the superpotential is χ = 1. It was argued in [7] that the flux should change this condition. We find that in the presence of flux there are contributions from divisors with χ = 0 and χ = 2.
II string on a CY. The F-theory fluxes come close to realize the most general gaugings considered in the supergravity literature so far [8] , gauging a Heisenberg algebra of the dual quaternionic space for the hyper multiplets. This turns out to be related to the presence of a large lattice of 4d BPS domain walls. The superpotential of the theory can be written in terms of the central charges of these domain walls and leads to a natural generalization of the Gukov-Vafa-Witten superpotential [9] for type II strings, which is related to the recently discovered S-duality of topological strings [10] .
The organization of this paper is as follows. In sect. 2 we discuss general aspects of D3instantons with a focus on the simple example 2 of F-theory compactified on K3 × K3 and give some general arguments for the expected form of the instanton corrections. The nontrivial world-volume theory is important to determine the determinant and multi-wrapping effects.
In sect. 3 we propose a non-perturbative formulation of the F-theory flux potential in an effective supergravity, which predicts already to some extent the structure of the D3instanton corrections, including the moduli dependence of the determinant. This potential reproduces all three ingredients of the KKLT ansatz without further adaptations.
In sect. 4 we describe the basic duality of F-theory on K3 × K3 and type II strings on CY manifolds with a focus on the mapping of instantons in the different formulations. In sect. 5 we use this duality to study the D3-instanton contributions to the superpotential. Moreover we compute perturbative couplings of D3/D7-branes in the F-theory and discuss some aspects of the vacuum structure, such as the fixing of the moduli of space-filling D3-branes.
In sect. 6 we propose a generalization of the Gukov-Vafa-Witten superpotential for the dual type II compactifications on generalized manifolds, as a bilinear
in the 'quantum periods' of a pair (Z,Ẑ) of Calabi-Yau mirror manifolds. The duality implies that particular scalars of all hypers can be charged under all U (1) symmetries gauged by the vectors, the existence of supersymmetric branches, a large set of new domain walls that are exchanged with D5 and NS5 branes under generalized T-dualities, and a modified statistics of flux vacua. In sect. 7 we conclude with a preliminary study of the vacuum structure. We find an effective enhancement mechanism for the instanton corrections that relaxes a restrictive bound found in [1] and argue that most of the 4d supersymmetric ground states in the no-scale approximation are extinguished by the instanton effects
In the Appendix we collect some necessary computations on the geometry of the dual CY manifolds.
Note added: While completing this work, three papers appeared that consider the effect of the flux from the point of the world-volume theory on the brane instanton [12] [13] [14] .
Some of the instantons computed in this paper fall into the class discussed in these papers, whereas others are of a more general type. The results obtained in this paper are complementary, as we obtain the full instanton sums including the dependence on the remaining moduli, multi-wrappings, non-isolated D3-instantons and other effects. On the other hand a world-volume interpretation of these results is not at all trivial; it would be interesting to recover some of the phenomena we find also from the world-volume perspective.
D3-instantons: Structure and some physical arguments
In this section we discuss some general aspects of M5/D3 instantons, with a focus on the concrete example K3 × K3. Taking into account the non-trivial world-volume structure of the 5-brane leads to a heuristic derivation of some of the later results.
The basic instanton in the 3d theory obtained by compactifying M-theory on a 4-fold X 4 is a M5-brane wrapped on a divisor D in X 4 [3] . If X 4 has an elliptic fibration over a base B 3 one can take the small fiber limit of X 4 to obtain a 4d compactification of F-theory on X 4 [15] [16] . It was further argued in [3] that the 4d instantons arise from vertical divisors in this limit, that is divisors D that map to a divisor S in the base B 3 . In F-theory, the dual of the M5-brane wrapped on D is a D3-brane wrapped on S.
The general contribution of a single D3-instanton to the superpotential is of the form
where C 4 is the RR 4-form of type IIB. The 'coefficient function' f (...) is a holomorphic section of a line bundle 3 that depends on the other moduli in the problem, including the position of space-filling D3-branes. This function may in principle be computed from a 1-loop computation on the world-volume of the underlying M5 brane [3] [17] [18] . A contribution to the superpotential requires that the instanton supports two fermionic zero modes. In the absence of flux, and for a smooth divisor D, the presence of precisely two zero modes translates to the following necessary condition on the divisor D [3] :
The above index counts the net number of fermionic zero modes weighted by their charge under the circle action defined in the normal bundle of D in X 4 . Fermions of opposite U (1) charge may get massive in pairs and thus the index is a lower bound on the number of zero modes.
For X 4 = K3 × K3, the base of the fibration is B 3 = B V × X H , with B V the P 1 base of the elliptic fibrationX V → B V . 4 There are three basic classes of divisors in X 4 that may be relevant to the 4d potential:
A) A non-isolated, vertical divisor of χ = 0 that projects to the divisor
The lower bound on the number of fermionic zero modes, provided by the index, is 0,4,4 in the three cases, respectively. These divisors have naively the wrong number of zero modes to support D3-instanton contributions to the superpotential, however cases B) and C) have the right number of zero modes to contribute to the Kähler potential. 5 The divisors of type A) have h 0,p = 1, p = 0, ..., 3, corresponding to 8 possible fermionic zero modes and the situation is more complicated. These divisors have moduli from the non-trivial third cohomology and the instanton contribution is an integral over the moduli. Moreover the non-trivial H 3 requires to sum over the gauge field configurations on the 5-brane world-volume, which leads to a moduli dependence in the form of a theta function [17] . We will be able to compute these effects explicitly and see that these non-isolated divisors contribute to amplitudes as if they had four zero modes.
Moreover we will argue that upon adding flux in F-theory, divisors of type A) (and possibly B)) may contribute to the 4d superpotential.
Switching on flux in the compactification manifold has essentially two effects on the instantons. First, the flux may lift some of the zero modes such that the same instanton may contribute to a different amplitude that can absorb less zero modes, such as a superpotential. An important point is that since the instantons exist already in the parent theory without flux, which has more supersymmetry in general, the contribution to the superpotential can be often obtained by computing a different amplitude in the simpler parent theory without flux. This has been heavily used in [19] [20] [21] [22] .
The second effect of the flux is that it may generate a tadpole on the brane and obstruct an instanton [23] . This leads to further consistency conditions in flux compactifications, which may interfere with the goal to fix all moduli. A background flux may therefore generate new instanton corrections as well as forbid existing instanton configurations, depending on the orientation of the flux in X 4 relative to the brane wrapping on D.
We will determine the flux that is relevant for the appropriate lift of the zero modes below; in particular for each instanton there is only one flux component that lifts the zero modes, namely the flux in the U (1) under which the instanton is magnetically charged. Let us for now assume that the flux is of the appropriate kind to reduce the number of zero modes on the M5-brane wrapping D to allow a contribution to the superpotential. What 4 We denote the "upper", elliptically fibered K3 byX V and the "lower" K3 by X H . The subscript reminds of the fact that roughly speaking the scalars ofX V (ector) and X H(yper) end up in 4d vector and hyper multiplets, respectively. X H(eterotic) is also the K3 common with the heterotic dual introduced later on. 5 Our statements on the non-vertical divisors of type B) will be somewhat preliminary.
will be the contribution of the instanton on D to the 4d superpotential ? The 3d BPS instanton is related to a 4d magnetic monopole M , with a mass proportional to the action of the instanton. In F-theory, the 4d magnetic monopole is given by a D5-brane stretching between two 7-branes and wrapped on S [24] . As usual in string theory, the magnetic monopole represents a fundamental state in the appropriate regime of the moduli space, where the volume of the divisor, V ol(S) = ρ 2 , gets small, and the instanton weight
is Q ∼ 1. It is not known at this point in which super multiplet the light monopole is, but in any case, it will lead to a logarithmic singularity in the complexified gauge coupling, of the form
where c is a constant proportional to the beta function coefficient of the monopole multiplet.
As explained above, the role of the flux is to lift zero modes and the same instanton contributes already to a different amplitude in the parent theory without flux. In the present context, this is the amplitude in the parent theory which can absorb four zero modes, namely the prepotential F . The prepotential determines also the gauge coupling (2.2) and near the singularity one has approximately τ ef f = ∂ 2 ρ F . The superpotential is therefore closely related to F and to the gauge coupling. We will show that the relation between the gauge coupling and the flux superpotential is simply 6
where b(M ) is the beta function coefficient of the monopole multiplet. In the absence of further effects the above potential has the typical decompactification behavior, with Q = 0 the only solution to ∂ ρ W = 0. Eq.(2.3) predicts that an infinite number of D3-branes from multi-wrappings on S contribute to the superpotential. This does not follow immediately from the logarithmic divergence in eq.(2.2) because of the extra terms in hidden in the dots. However if the compactification is related to a M-theory compactification in 5d, as is the case for the present compactification, the Q expansion of the gauge coupling is as in (2.2) [25] . The reason is that the 4d instantons arise from word-lines of 5d particles and multiply wrapped branes correspond to multiple instantons. These instantons then contribute to the superpotential as in (2.3) .
Further details of the potential depend on other (massive) physical states in the theory, which also enter the dots in (2.2). These effects depend on the details of the full theory and can not be recovered from this simple argument. 7 One can also not deduce the "constant" f in (2.3), which depends on the other moduli. These more detailed questions will be addressed in the full string compactification, which has much more structure then the simple field theory picture sketched above.
One important ingredient is that the M-theory 5-brane that describes the basic instanton of [3] , has itself a non-trivial world-volume theory that may lead to a proliferation of instanton effects. In the present case the instanton corrections get contributions from the massive states of a non-critical string, of which the 4d monopole is the lightest state. The close connection between the 5-brane instanton corrections and non-critical strings was already noted in [26] , and holds also for the examples discussed in [4] [6] . This will be further discussed in sect. 5.
One comment concerning the divisors in B). The general argument of [3] , that only vertical divisors can contribute in the 4d limit relies on the relation
where R is the radius in the compactification from 4d to 3d. The volume of a brane wrapped on the elliptic fiber E of volume ∼ 1/R compensates the radius dependent term, whereas branes not wrapped on E die out in the 4d limit with a positive power of e −R . However one can conceive a more complicated limit, where one also changes the complex structure of the elliptically fibered K3 such that a divisor of the type B) has a size comparable to a vertical divisor. This limit corresponds to moduli near a non-Abelian gauge symmetry enhancement in 4d and divisors of these type could play a role in reproducing the gauge theory instantons.
Flux potential and the KKLT ansatz
In this section we describe the four-dimensional flux potential for the F-theory compactification in the form that will be used for the computation by string duality. Specifically we write the instanton corrected potential in terms of an effective supergravity that may be used to relate the potentials in the two dual theories. The effective potential obtained in this way is precisely of the form of the KKLT ansatz, without any further adaptations.
We will mainly consider the case of F-theory compactified on K3 × K3, although some of the arguments will generalize to other geometries.
Classical potential
The standard superpotential for the type IIB string compactified to 4d with bulk 3-form fluxes is [9] [19]
where Ω is the holomorphic (3, 0) form. Moreover G 3 = F 3 − S II H 3 , with S II the complex type IIB dilaton and F 3 (H 3 ) the RR (NS) 3-form flux. In the case of a purely closed string compactification on a Calabi-Yau 3-fold X the expression (3.1) is an exact formula, including an infinite series of instanton corrections [19] [20] . One way to derive this fact is to consider the superpotential in terms of the quantities of the underlying N = 2 effective supergravity for the compactification without flux. Under certain conditions it can be written as [20] 
where (X Λ , F Λ ) is the upper half of the symplectic section for the N = 2 vector multiplets in the effective supergravity 8 . Moreover the objects (P hol Λ , P Λ hol ) are holomorphic versions of the standard Killing prepotentials that describe the gauging in the supergravity induced by the background flux. 9 The second term corresponds to a gauging of the magnetic fields and will be often set to zero in the following.
The objects in (3.2) are understood as the exact, non-perturbative expressions including all quantum effects. The exact equality W ef f = W F follows from the identities
is a basis of 3-cycles, and γ * Λ the cycle dual to γ Λ . The exactness of the formula (3.1) is due to the well-known fact that the geometric periods Ω compute the full quantum corrected supergravity section X Λ [28] . Indeed the formula (3.1) has been derived in [19] as the exact BPS tension of a 5-brane domain wall wrapping a 3-cycle in the Calabi-Yau manifold X.
Compactifications with background branes
The same formula (3.1) for the superpotential has been obtained in [29] for flux compactifications in type IIB orientifolds with background branes, from a compactification of the 10d supergravity. However this expression is on a very different footing then in the closed string case and not equal to the exact tension of a BPS brane. We will now sketch how this potential relates to an exact 4d supergravity quantity as in eq.(3.2), in the case of F-theory on K3 × K3, which reduces to the type IIB orientifold T 2 /Z 2 × K3 in a certain limit. Later we will compute the exact potential in a dual theory described by the same effective supergravity.
Note that the dilaton S II , which enters through the flux G 3 , is in a vector multiplet in the orientifold compactification on T 2 /Z 2 × K3. 10 Thus morally speaking the assignment of vector and hyper multiplets to the flux G 3 and the period integrals Ω is reversed w.r.t. to the closed string identification (3.3). Moreover, the expression (3.1) can not be the full answer for the orientifold, since it does not depend on the open string degrees of freedom and the back reaction of the dilaton to the 7-branes. The contributions of the open string sector have been studied in [32] in F-theory, building on the work [9] . The result is
, I = 1, ..., 22, Λ = 1, ..., 20.
(3.4) 8 We refer to [27] for background material and references on the effective supergravity. 9 Explicitly, P Λ hol = e −K H /2 P Λ , with K H the Kähler potential and P Λ the Killing prepotential for the hyper multiplets. 10 See [30] [31] for a discussion of the effective supergravity of this orientifold.
The objects appearing in the above formula are the period integrals Π I andΠ Λ of the holomorphic (2, 0)-form on the two K3 factors and an integral matrix G IΛ that specifies the flux background. More precisely,Π Λ (t a ) are the periods on the "upper" K3, denoted byX V , which is elliptically fibered with a zero size fiber. These periods depend only on scalars in 4d vector multiplets, denoted by t a . 11 On the elliptic fibrationX V there are 20 periods labeled by Λ, and these correspond to the 20 U (1) massless gauge fields from the 7-branes at a generic point in the moduli. On the other hand, Π I (q i ) are the periods on the "lower" K3, denoted by X H , and they depend only on scalars q i in hyper multiplets. Finally, the vacuum expectation values of the 20 independent U (1) field strengths F Λ on the lower K3 X H are specified as
5)
with {η I } a basis of H 2 (X H , Z). This flux induces at the same time an important D-term potential that will be discussed in sect. 3.3. The K3 periods Π I (q i ) andΠ Λ (t a ) depend quadratically on the physical scalar fields q i and t a , respectively. The potential (3.4) is therefore a quartic polynomial of degree (2, 2) in the moduli (q i , t a ). To be more explicit and to make contact with the orientifold, let us spell out the dependence of the superpotential on the scalars t a . A certain parametrization of the period vector is
where the entriesΠ Λ with Λ > 2 are identified with the vector multiplet scalars t a = (S II , U, C b ). In the orientifold limit T 2 /Z 2 × K3, these scalars correspond 12 to the type II dilaton S II , the complex structure U of T 2 /Z 2 and the positions C a of 16 D7-branes. The superpotential in the scalars t a is then
for C a = 0, ∀a. where p Λ = Π I G IΛ . As indicated, upon setting C a = 0, the expression reduces to the orientifold potential (3.1) for T 2 /Z 2 × K3. In particular the four fluxes F Λ , Λ < 5 are identified with the bulk 3-form fluxes F 3 , H 3 with one leg along one of the two 1-cycles of T 2 /Z 2 in the orientifold limit. The remaining 16 fluxes correspond to 2-form fluxes on the 16 D7-branes. Note that the potential from the bulk fluxes, corresponding to the first four terms, contains a quadratic term in C a proportional to p 2 that is not reproduced by (3.1). It gives a mass to all D7-brane moduli [7] [32]. 13 11 As mentioned already, the type IIB dilaton S II is one of these scalars. 12 Up to a subtlety in the quantization condition [32] . 13 See also the computations of soft-terms on the world-volume in [33] .
Inclusion of instantons
The potential (3.7) can be rewritten in terms of the effective supergravity form,
using the identifications
where indices can be raised and lowered with the help of the intersection matrix M IJ = η I ∧η J and its inverse. The constants k I Λ are the Killing vectors that describe the charge of the I-th hyper multiplet under the Λ-th U (1) gauge symmetry; see [27] for details on the role of the k I Λ in supergravity. The above relations replace the eqs. (3.3) in the orientifold case.
As mentioned previously, in the closed string case the period integrals compute the exact symplectic sections (X Λ , F Λ ) and the geometric result is already the final answer. There is no similar argument in the case with background branes and one expects further corrections. In fact the candidate 4d superpotential W F depends very weakly on the extra compactification; in particular it does not depend on the volume modulus ρ of the lower K3 X H . For the constant Killing prepotential P hol = 1, it has the strange property that it is in fact completely independent of the compactification.
The reason is that the leading effect of the compactification is exponential in ρ and is not reproduced by the naive dimensional reduction. Exponential terms in ρ indicate a non-perturbative origin from the point of the type II string and such terms may arise from Euclidean D3-brane instantons wrapped on X H [3] .
In the next two sections we use a string duality to study the quantum corrections from D3 instantons and we find that these corrections depending on ρ can be written in the factorized form
.
Here W F is the quartic polynomial (3.7) and the instanton correction W inst has the general form
. Specifically a term ∼ Q k in (3.10) corresponds to a D3-brane instanton of charge k.
14 The K3 volume ρ is also a scalar in a 4d vector multiplet; we use here and in the following a prime to denote the vector scalars t ′ a excluding ρ.
The non-zero, and as we will see highly non-trivial D3-instanton sum W inst in the superpotential is somewhat surprising because there are no divisors in the simple geometry K3 × K3 that satisfy the necessary condition of ref. [3] , χ = 1. However, as already pointed out in [7] , the discussion in [3] does not take into account the effect of the flux on the zeromode counting. It was also suggested there how physical expectations on N = 1 SYM predict a non-zero contribution.
The divisors that support the instanton correction to (3.10) as computed in the following sections, have been listed in sect. 2. The details of these instantons are somewhat different from the situation described in [7] , as the divisors have a different topology, there is no non-Abelian phase and the instantons carry integer charges. However there is no contradiction at all; the instantons we find are closely related to the instantons discussed in [7] by the deformation of N = 2 theories considered in [34] .
Let us briefly discuss two non-trivial features of the instanton corrections anticipated by the ansatz (3.10). First note that only one flux component, Λ = 2 in our conventions, induces instanton corrections to the superpotential. This has a simple physical meaning. As discussed before, the instanton has a magnetic charge under a particular U (1) gauge group. The flux that lifts the zero modes on this instanton is, not surprisingly, a flux for the gauge field in the same U (1). In the orientifold limit, the gauge flux translates to the 3-form flux component
with α x an integral 2-form on X H . Secondly, the ansatz (3.10) constrains already to a large extent the moduli dependence of the complex structure moduli. Note in particular, that the corrections from the D3brane instantons on X H preserve the factorized form of the superpotential, as they enter only in the symplectic section X Λ . This factorization will play an important role when we define a generalized flux potential for the type II side in sect. 6; a more detailed discussion of the moduli dependence will be given in sect. 5.
D-term potential
As already mentioned, the same flux (3.5) generates also a D-term potential [32] . This potential restricts Kähler moduli on the lower K3 X H : 11) where N ΛΣ is the inverse coupling matrix of the gauge fields and the holomorphic potentials entering the D-term D Λ = e K H /2 P 3 Λ are
where j is the Kähler form on X H , V = 1 2 j ∧ j and F Λ the flux (3.5). The second expression in (3.11) , is the standard form of the D-term in N = 1 supergravity.
The period vector Π 3,I is defined in [32] as the integral of a self-dual 2-form ω 3 , with norm one in a finite volume K3. The content of the D-term equation D Λ ∼ Π 3,I G IΛ = 0 is that the 2-form η I G IΛ is orthogonal to ω 3 . A D-term which corresponds to an anti-selfdual 2-form restricts one Kähler modulus of X H at finite overall volume. This leads to a quite effective stabilization of Kähler moduli. 15 However a D-term proportional to ω 3 can not be solved at finite volume. A D-term in this directions leads to a decompactification (zero coupling) limit in the absence of other effects.
Comparison with the (A)dS ansatz of KKLT
Before computing the explicit instanton corrections, let us compare the general form of the potential (3.9) to the KKLT ansatz [1] .
Firstly there is the quartic polynomial superpotential W F in (3.7), that depends for generic choice of fluxes on all complex structure moduli of the geometry and the type II dilaton S II . In the orientifold limit it reduces to the superpotential (3.1) of [29] [1] . The polynomial superpotential W F does not depend on the volume modulus ρ of the lower K3,
The second ingredient is the non-perturbative correction W inst which introduces a dependence on the volume modulus ρ. It combines with the classical part W F to the exact section that determines the effective superpotential. The first term ∼ Q in the expansion W inst should be compared with the non-perturbative term in [1] ,
, where * denotes the single flux component that contributes to the superpotential, Λ = 2 in the conventions of (3.6). The coefficient A it is linear in the flux G I * , in agreement with the expectation that the D3 instanton may contribute to the superpotential only if there is a non-zero flux that lifts zero modes. The dependence on the moduli q i and q ′ a arises from the one-loop determinant [3] .
The third ingredient in the ansatz of KKLT is a small positive energy contribution that lifts AdS vacua to dS vacua. In [1] this contribution comes from anti-D3-branes sitting in a sufficiently warped throat, but there are also several other possibilities [36] [37] [38] . In the present compactification such a contribution is also included already from the beginning in the form of the D-term potential (3.12), realizing a variant of the variant of [37] . 16 To summarize, just switching on F-theory flux in the simple geometry K3 × K3 is sufficient to generate all three ingredients of the KKLT ansatz, namely the polynomial potential for the complex structure moduli W F , an (infinite, computable) D3 instanton sum W inst and a positive energy contribution V D that may lift the vacuum energy to positive values. All three pieces arise from the same 2-form flux described by the single matrix G IΛ and fall natural into place. We will now turn to a computation of the instanton corrected superpotential (3.9) by an open-closed string duality.
Open-closed String duality

Duality and fluxes
The compactification of F-theory on K3 × K3, or its orientifold limit, the type IIB on T 2 /Z 2 × K3, leads to a N = 2 supersymmetric theory in four dimensions. This is the same supersymmetry as that of a type II closed string compactification on a Calabi-Yau 3-fold Z, without any background branes. By the general properties of the N = 2 supersymmetric moduli space, one expects that the two compactifications can be dual to each other. For a trivial gauge background, one can rely on known F-theory/heterotic dualities to infer such a duality [39] . More general cases of such N = 2 dual pairs will be described below.
Let us briefly recall the argument of [39] . The basic duality is the one between Ftheory on an elliptically fibered K3X V and the heterotic string on T 2 in 8 dimensions [15] . Compactify on a further K3 X H with trivial gauge fields. There is a tadpole in four dimensions canceled by 24 D3-branes on the F-theory side and 24 5-branes wrapped on T 2 on the heterotic side. On the other hand, the heterotic string on X H (×T 2 ) is dual to F-theory on Z (×T 2 ), with Z an elliptically fibered 3-fold [16] . Including the T 2 factor, this is also the same as type IIA on Z or the type IIB string compactified on the mirror manifoldẐ. The hodge numbers of Z are h 11 = 43 = h 21 . On the F-theory side there are 43 vector multiplets in four dimensions, 19 from D7-brane gauge fields and 24 from the D3-branes. There are also 44 hyper multiplets, 20 from the K3 with background fields and 24 from the positions of the D3-branes on K3.
The above compactification with a trivial gauge background can be connected to nontrivial gauge backgrounds by moving k D3-branes onto a 7-brane stack with non-Abelian gauge group G and moving onto the Higgs branch in the gauge theory. This corresponds to giving vevs to the hyper multiplets from 3-7 strings and represents a finite size G instanton of degree k [40] . Such transitions have been studied in [41] , together with more exotic Higgs branches.
The various branches with different number of D3-branes, non-Abelian gauge symmetries, possibly broken by finite size instantons, lead to many components of the N = 2 moduli space that differ in the massless and massive spectra. They are connected by transitions that can be locally understood as (un-)Higgsing. The F-theory compactification with a generic gauge background on K3 × K3 and at generic moduli has a well-defined dual closed string compactification, with different components of the moduli space described by different Calabi-Yau manifolds Z.
On the other hand clearly not any Z will correspond to a F-theory compactification on K3 × K3. As discussed in the previous section one characteristic feature is the peculiar dependence on the modulus ρ of the K3 volume. As discussed in sect. 4.3 below, this requires that the dual manifold Z is a K3 fibration, which also follows from heterotic/type IIA duality [28] . 17 
F-theory flux and generalized type II compactifications
Having a dual N = 2 pair one may add deformations to break supersymmetry. Since the parent theories are supposed to be dual, turning on quantized background fields, such as flux or metric deformations, should also match on the two sides. However the meaning of a certain deformation may be very different in the two different compactifications. To compare the deformed backgrounds we will describe both theories within a common framework, namely their underlying effective 4d N = 2 supergravity theory. The effect of the background flux can be described by certain gaugings in the effective supergravity [42] . The effective supergravity then allows to switch between the descriptions in the two dual theories.
The mapping from the F-theory fluxes to gaugings in supergravity has been (partially) worked out in [32] , and is summarized in (3.8) . We will use this information to define (a subset of) those gaugings in supergravity that can be represented in the string theory compactification. In fact the gaugings of the type II string realized by mapping the F-theory fluxes to data on the manifold Z leads to substantial generalizations of type II compactifications. The gaugings in the effective supergravity relevant for such compactifications have been described recently in [8] . We will discuss the type II side of these compactifications further in sect. 6, where we write down a generalization of the GVW superpotential (3.1) for these compactifications. Note that it follows from F-theory that these compactifications still have supersymmetric branches.
On the other hand a systematic computation of the instanton terms is, at present, only possible in the closed string compactification on the Calabi-Yau 3-fold Z. As usual, combining the two dual pictures one gets valuable information for both theories.
Effective supergravity for the closed string dual
The computation of the instanton corrected superpotential will be performed in the dual closed string compactification of type IIA on a CY manifold Z and the type IIB compactified on the mirror manifoldẐ. In the following we give a brief description of the relevant aspects of the effective supergravity for Z and its relation to the F-theory compactification.
In the type IIA compactification on the Calabi-Yau manifold Z, the scalars t a in the vector multiplets represent h 11 complexified Kähler parameter. The holomorphic N = 2 prepotential for these Kähler moduli is
where χ is the Euler number of Z and the coefficients of the first three terms are related to topological data of Z as
where {J a } is a basis for H 1,1 (Z), E a is the divisor dual to J a and B ab , A a are defined mod Z [43] . Finally, the term f (q a ) contains the contribution from world-sheet instantons that depends only on the exponentials q a = exp(2πit a ). A subset of these terms will be matched to the superpotential in F-theory from D3-instantons below. The holomorphic prepotential F for the Calabi-Yau manifold Z defines a standard symplectic section (X Λ , F Λ ) of the effective supergravity as
Recall that the F-theory compactification on K3 × K3 depends in a very special way on the volume modulus ρ of the lower K3, X H . Specifically, the upper half X Λ of the symplectic section, obtained in eqs.(3.6)(3.8) from F-theory, does not depend on ρ. This is compatible with the CY expression only if there is a symplectic rotation of the section (4.2) such that the upper half X Λ of the new section is independent of one modulus tâ that can be identified with ρ. It is not difficult to see that this implies that the component Fâ of the section dual to tâ is independent of tâ, which means that the prepotential F is linear in tâ.
This condition has been well-studied in the context of heterotic/type II duality and it implies that Z is a K3 fibration [44] [45] . The classical supergravity corresponding to these class of manifolds is based on a special Kähler manifold for the vector multiplets of the type [46] [30]
(4.3)
In the F-theory compactification on K3 × K3, the second factor is to be identified with the 8d moduli in eq.(3.6) from the complex structure of the elliptically fibered K3X V with n = 18. 18 As indicated, the first factor will correspond to the K3 volume ρ. The prepotential for the factorized space (4.3) is linear in ρ and the first derivative of the CY prepotential (4.1) of a K3 fibration looks like
where it follows from the CY geometry that A ρ = 1 [45] . After a symplectic transformation
As indicated, the classical part of the section X Λ for the Calabi-Yau Z coincides with the period integralsΠ Λ of the upper K3X V , eq.(3.6), in the dual F-theory compactification. 19 Moreover we have already anticipated the map from the remaining moduli t ′ a to the Ftheory moduli in (3.6) . In particular, ρ will be identified with the K3 volume modulus of the same name in F-theory, and in the orientifold limit the scalars in the bracket map under the duality to the type II dilaton S II , the complex structure U of T 2 /Z 2 and the positions C a of the 16 7-branes.
The above discussion is oversimplified as we have not considered further CY moduli t a that are dual to D3-brane positions or to non-perturbative states. However these moduli can be added easily at a later stage and we will do so to keep the discussion simple at this point; see also Table 1 below.
The basis change between the CY basis and the symplectic basis (4.5) is also familiar in the context of heterotic string dual in [46] . Note that for F-theory on K3 × K3, the electric section X Λ in (4.5) is just the standard section for the electric gauge fields on the 7-branes, whereas the dual Calabi-Yau section (4.2) mixes 1-and 5-form gauge fields from the 7-branes.
The term w inst (q a ) in (4.5) describes the D3-instanton corrections defined in (3.10), as computed by the closed string dual on Z. Note that its leading term is O(Q 1 ) and therefore this correction vanishes as ρ → i∞, in agreement with the fact, that the only correction to the superpotential in the vector scalars comes from D3 instantons wrapping X H . Moreover only the period of the U (1) vector multiplet that couples to the monopole is corrected by the D3-instantons, justifying the ansatz in (3.10).
On the other hand, the second half F Λ of the new symplectic section is given by
whereM ΛΣ is the inverse of the intersection matrix on H 2 (X,X V ). It receives exponential corrections that contain a non-zero term at order O(Q 0 ) from
and its derivatives. Although the corrections in f 0 (q a ) do not contribute to the superpotential they enter other quantities, namely the gauge couplings and the Kähler potential
These are the contributions of the instantons to the amplitudes in the parent theory without flux discussed in sect. 2. This has the effect of changing the values at which the t a ′ are stabilized even in the limit ρ → i∞. Moreover, even the classical part of the Kähler potential has a more complicated dependence on the moduli t a then in the KKLT model. This leads to an important enhancement of the instanton contribution, as discussed in sect 7.
Space-filling D3-branes
It is easy to generalize the above discussion to include k space-filling D3-branes. The simplest way to see what they correspond to in the Calabi-Yau Z is to use the heterotic dual on K3 × T 2 , where the k D3-branes map to k 5-branes wrapped on T 2 . Decompactifying the T 2 , one obtains a heterotic string on K3 with n T = k extra tensor multiplets from the world-volume fields of the 5-branes. From [16] we know that extra tensors arise from h 11 (B 2 ), where B 2 is the base of the elliptic fibration Z → B 2 . Compactifying back to 4d on T 2 we see that the k D3-branes in 4d are described by k elements of H 2 (B 2 ) in the type IIA theory on Z. Moreover, as mentioned already, space-filling D3-branes can be obtained by a process of un-Higgsing in the 7-brane gauge theory, where an instanton on the 7-brane shrinks to zero size and moves onto the Coulomb branch of the D3-brane world volume theory [40] . Geometrically this process of creating a D3-brane corresponds to a blow up of the base B 2 and by iteration, the k elements in H 2 (B 2 ) correspond to k blow ups of a minimal base B 2 describing the case with zero D3-branes. The more general statement for theories without a 6d limit is that D3-branes map to blow ups of the K3-fibration Z → B Z . 20 The mapping of the moduli is sketched in the table below. 21
Tab. 1: Mapping between moduli between Z and F-theory on K3 × K3.
Let B α denote the k extra vector multiplets from the k space filling D3-branes. We will discuss the map between the D3-branes moduli and Kähler moduli in great detail in sect. 5, when we compute the classical supergravity generalizing (4.3), and the instanton corrected superpotential. However let us note here that if a 6d limit exists, the couplings of these extra vector multiplets to the universal fields ρ, S II , U, C a are strongly constrained [49] . See sect. 2 of [50] for a nice discussion of the properties of these couplings in the context of the dual heterotic string compactified on T 2 × K3 and a list of further references.
Instantons and fluxes
As discussed in the previous section, the volume modulus ρ of the K3 X H maps to the volume of the base B Z of the K3 fibration of the manifold Z under duality. Comparing BPS actions, it follows that a D3-instanton wrapped on X H maps to a world-sheet instanton wrapped on B Z .
To gain further understanding of the nature of this instanton it is helpful to consider the heterotic dual [3] . Since the F-theory and the heterotic string are already dual in 8d, objects wrapped on the lower K3 X H should have the same dimension.
D3-branes wrapping a divisor of the type C) wrap a curve C 1 in X H and correspond to heterotic world-sheet instantons, by the above map or a comparison of BPS actions. 20 One way to show this is to start from a K3 and elliptic fibration with an 6d limit, and perform an extremal transition of the type [48] that leaves only a K3 fibration. 21 We do not consider compactifications with non-perturbative gauge fields C ′ , which arise from reducible elliptic fibers that are are not contained in the K3 fiber; see [16] for a discussion.
These instantons correct the metric of the hyper multiplets. We will not have to say much about these corrections, although they can be also computed in some cases, as discussed briefly in sect. 6. A D3-brane instanton that wraps a divisor of type A) wraps all of X H and the dual object is the heterotic 5-brane wrapped on K3×T 2 [3] . Using heterotic/IIA duality one recovers the above identification of the D3-instantons with world-sheet instantons on B Z in the following way. The heterotic 5-brane wrapped on T 4 is the dual of the IIA string on K3 in 6d [51] . If X H is elliptically fibered, the heterotic compactification can be viewed as a compactification on T 4 fibered over the P 1 base of X H , which is the same as the base B Z of Z, thus completing the duality circle.
On the other hand the above argument indicates, that the instanton obtained by wrapping the D3 brane on X H has an intricate structure. The heterotic 5-brane wrapped on K3 gives a string in 6d; the nature of the string depends on the details of the background, and we defer a discussion of it to the next section where we consider specific compactifications. Compactifying this string on a circle yields an infinite number of massive 5d BPS particles. The 4d instantons to the superpotential arise from world-lines of these particles wrapped along an extra S 1 . Thus the basic instanton in the superpotential comes actually with an infinite sum of dressings by the massive modes; this expectation is confirmed by the computation in the next section. 
Flux
The flux (3.5) arises from a 4-form flux in M-theory of the form 
N = 1 generalizations
It is natural to generalize the above duality to F-theory compactifications with N = 1 supersymmetry in the absence of flux. It is interesting to note that the map from D3branes to world-sheet instantons applies also to this more general case, at least for a certain class of D3-branes. One can use an adiabatic argument, or one may consider orbifolding using the Voisin-Borcea construction. E.g. one may start with a configuration, where the F-theory on K3 × K3, the heterotic string on T 2 × K3 and the manifold Z are invariant under a "common" Z 2 involution, which includes an action on the gauge fields.
Modding by the involution one obtains a duality between F-theory on a Calabi-Yau 4-fold X 4 ≃ K3 × K3/Z 2 , heterotic string on a Calabi-Yau 3-fold X 3 ≃ T 2 × K3/Z 2 , a type IIA orientifold on Z and F-theory on a Calabi-Yau 4-fold X ′ 4 ≃ T 2 ×Ẑ/Z 2 .
Duality at work
We compute now the D3-brane corrections to the superpotential in the dual closed string compactification of the type IIA string on a Calabi-Yau manifold Z. Specifically we compute the exact sections X Λ in (3.9) and relate them to the dual D3-instantons in the F-theory compactification.
As explained before, the D3-instanton correction depends in general on all moduli of the compactification of F-theory on K3 × K3, and in particular the section X Λ (t a ) on the scalars in the vector moduli t a . To write the flux potential in all these moduli leads inevitably to complicated and not very illuminating expressions. One can fix most of the vector moduli t a already in the N = 2 supersymmetric compactification without flux, by switching on finite size instanton bundles on K3 [16] and we will do so. Note that the expression (3.7) does not lead to a potential for these gauge background as it depends only on the Abelian part of the gauge fields.
As discussed above, a Calabi-Yau manifold Z that describes a type II compactification dual to the F-theory compactifications on K3 × K3 must have a field ρ that appears linearly in the prepotential and this requires that Z is a K3 fibration. It is also useful to require the existence of a 6d limit, corresponding to F-theory on Z and a perturbative heterotic dual on K3. The minimal number of moduli t a for an elliptic and K3 fibered Calabi-Yau manifold Z is three, and these correspond under the duality to two 7-brane moduli S II and U , and in addition the volume modulus ρ. Space-filling D3-branes can be added straightforwardly, as will be done in sect. 5.2.
2 D7-branes
The minimal case with two D7-branes is described by elliptic fibrations Z n over Hirzebruch surfaces F n , n = 0, 1, 2. The definition of these manifolds as toric hypersurfaces, and the map from the three Kähler moduli t a to the F-theory moduli (S II , U, ρ) is summarized in app. A.1.
As already written in (3.10), the D3-instanton sum is of the form
Note that the dependence on the complex moduli of the lower K3 X H , wrapped by the D3-brane, is universal. On the other hand, the dependence on the complex moduli of the upper K3X V depends on the details. In the language of the M-theory 5-brane, the coefficient functions f k (q ′ a ) encode the sum over field configurations on the world-volume depending on H 3 (D) [17] . For the divisor D = T 2 × X H , an element of H 3 (D) is of the form η I ∧ α k , where η I ∈ H 2 (X H ) and α k , k = 1, 2 are the 1-forms on the elliptic fiber.
Let us briefly sketch how the dependence on the moduli t ′ a arises in the language of F-theory. The D3-instanton wrapped on X H has a moduli space, which is parametrized by the position z on the base P 1 of the elliptic fibrationX V → B V . The instanton exponential for the D3-brane wrapped on X H is
is the local value of the type IIB dilaton. In the F-theory compactification λ is not a constant, but it varies with the position z on B V . The value of the coupling constant λ(z, t ′ a ) at a position z can be computed as the effective coupling τ of the N = 2 supersymmetric gauge theory living on a D3-brane probe at z [11] [52] . The theory on the D3-brane probe depends on the location of the 7-branes, e.g. through the states associated with a string stretched between the D3-brane and the 7-brane. The contribution of an instanton of fixed charge k is the integral over the positions on B V , and it receives a dependence on t ′ a through the dependence of the local value of λ(z, t ′ a ) on the 7-brane positions. Note that there is the standard logarithmic singularity in the coupling τ ef f when z is near a 7-brane. This suppresses the regions, where the D3-instanton is near the 7-branes and leads to a rather soft dependence of the coupling on t ′ a , for generic values of these scalars.
Although the full dependence in (5.1) can be computed from the type II string, let us first switch off the effect of the 7-brane moduli t ′ a by making them very large. In this limit, f k becomes a constant, in agreement with the fact that the coupling λ is approximately constant everywhere and moreover the patches where the D3-instanton is near the 7-branes are suppressed.
As discussed in sect. 2, the contribution in this limit q ′ a → 0, is expected to coincide with the first integral of the gauge coupling of the monopole multiplet
where b n is the beta function of the monopole multiplet. The value of b n can be determined by studying the gauge theory in the type IIA string when the volume of the section B Z of the K3 fibered manifold becomes small. The nature of this gauge theory depends on the normal bundle of B Z ; for the cases n = 0, 1, 2, one obtains a pure SU (2) gauge theory, a theory of U (1) with one electron and a SU (2) theory with an adjoint matter multiplet, respectively [53] [54], leading to the values b n = (−1) n (n − 2). (5.4) This is confirmed by a computation of the instanton sum w inst from the dual type IIA string theory compactified on Z n . The sum (5.3) arises from a single non-zero Gromov-Witten invariant N 0,0,1 = b n and describes a world-sheet instanton wrapped on B Z , together with its multi-coverings. 22 This confirms that not just the singly wrapped D3-brane instanton contributes to the superpotential (3.9) of the dual F-theory, but also all multi-wrappings contribute with an extra weight factor 1/n 2 .
The instanton sum depends further on the t ′ a for finite values. These corrections have a fascinating interpretation in terms of the non-trivial world-volume theory on the 5-brane in M-theory, or on the D3-brane in F-theory. The latter is a twisted N = 4 supersymmetric gauge theory that has been studied in [56] [57] .
In fact, all (but one) of the above instanton corrections, as well as those in the N = 1 examples of F-theory on 4-folds studied so far [3] [26] [58] [4] [6] , can be interpreted as worldsheet instantons of a certain non-critical string [26] . One can see this string in any of the dual formulations; let us take the type IIA compactification on Z for concreteness. This compactification is related to F-theory on Z in 6d, where the non-critical string in question is made by wrapping the D3-brane of type IIB on the section B Z . The nature of the string depends on the manifold Z n . There is a nice and simple characterization of the string, in terms of the number of D7-branes piercing the D3 brane wrapped on B Z [53] . For the manifolds Z n with n = 0, 1, 2 this number is 16, 8, 0 and one gets the current algebra of a heterotic string, a non-critical string with E 8 current algebra, and a N = 2 supersymmetric string that is equivalent to a D3-brane wrapped on the 2-sphere of an A 1 singularity in K3, respectively [53] .
The section B Z of Z 0 can not be contracted, in agreement with the non-zero tension of the heterotic string, but the strings with n = 1, 2 can get (classically) a zero tension at Vol(B Z ) = 0 [59] [16] [60] . 23 The 6d F-theory compactification on Z is related to the 4d type IIA compactification by a further compactification on T 2 . An Euclidean wrapping of the 6d string on T 2 gives rise to a world-sheet instanton contributing to the superpotential (5.1). The lowest mode contributes the first term in (5.3), but there is an infinite number of more massive contributions as is familiar from the heterotic string. To illustrate this point, consider the 5d particles obtained by a once wound string on S 1 and carrying KK momentum along the circle. These states can be related to world-sheet instantons of the type IIA string [61] . Let us see how the world lines of these particles wrapping the second S 1 contribute to the 22 The number N n is defined as the coefficient in the 3-point function,
with n = (n 1 , ..., n h 11 ) and n k non-negative integers. See [55] background material and references. 23 It is amusing to note that upon compactification to 4d, the non-zero tension of the heterotic string becomes equivalent to the statement that the pure SU (2) N = 2 gauge theory in 4d associated with shrinking the section B Z is always on the Coulomb branch [34] . Moreover the non-zero tension of this heterotic string is exponential in the volume of the second P 1 in F 0 and is in fact a non-perturbative effect, see also the discussion in [26] . superpotential (5.1). The answer can be computed from the Gromov-Witten invariants of the type IIA string and it is
valid up to O(Q 2 , q 1 2 ). 24 The expression for n = 0 is the supersymmetric index for K3, which plays a prominent role in the 1-loop computations of the heterotic string [62] . The expression for n = 1 is the partition function of the non-critical E 8 string [61] . Finally the zero for n = 2 is a consequence of the zero beta function coefficient and it does not say that this string is trivial. In fact the manifold Z 0 is a deformation of Z 2 in the complex structure [16] , corresponding to giving a vev to the adjoint hyper multiplet in the 4d gauge theory with beta function coefficient b 0 in (5.4) . So this zero of the superpotential should be thought of as a zero of the determinant factor at a special value of the complex structure, as discussed in [3] .
Thus the various dual pictures of the instanton generated superpotential all nicely fit together: the 1-loop effects on the world-volume of the M5-brane, the D3-instantons in F-theory related to the world-sheet instantons of a (non-critical) 6d string and the world-sheet instantons of the dual type IIA string on Calabi-Yau manifold Z. It would be interesting to study these relations in more detail. To study the vacuum structure of the flux compactification, we will rely on the type II picture in the following.
Adding space-filling D3-branes
The above compactifications are dual to F-theory compactifications without spacefilling D3-branes. We will now study some simple aspects of the case with D3-branes included.
We will only address the two most basic questions and consider them in a minimal compactification: i) what is the classical effective supergravity including the open string modulus, B α , that measures the position of the D3-brane relative to the D7-brane. ii) what is the instanton corrected superpotential for the D3-brane modulus.
As discussed above, a space-filling D3-brane can be added by blowing up a point in the base of the elliptic fibration Z n , which is the Hirzebruch surface F n . As an example we consider a blow up of Z 1 along the exceptional section of F 1 . The resulting manifold Z * 1 has four scalars t a that describe two independent 7-brane positions C a , the D3-brane position B on the base of the fibrationX V → B V , and in addition the volume modulus ρ of X H . The geometry of the manifold Z * 1 is described in app. A.2. Perturbative couplings of D3-and 7-branes Let us first study the classical supergravity action, related to the polynomial part of the prepotential F in (4.1). In a compactification on T 4 , D7-and D3-branes are related by Tduality along the 4 world-volume directions of the 7-brane and this should be reflected by a symmetry in the effective action. This argument has been used also in the construction of effective supergravity actions of toroidal orientifolds [31] [63] . 25 However we do not expect such a symmetry in a moderately generic case for the obvious reason that the gauge theories on the D7-brane and the D3-brane have different global supersymmetries and low energy dynamics. 26 The 1-loop corrections to the coupling are different and therefore we expect an asymmetry in the couplings even at the perturbative level; it turns out that the 1-loop correction is significant.
There is a certain ambiguity in how one parameterizes the relative positions of the 3 branes on B V ; the coordinates on the Kähler cone correspond to one relative 7-brane position and the distances of the 3-brane to the two 7-brane but one may prefer different coordinates. 27 The ambiguity will affect the perturbative couplings of the D3-branes to the 7-branes, as it corresponds to expanding around different vevs for the scalar fields.
A simple dimensional reduction leads to the couplings on the brane world-volumes
which can be generalized to holomorphic functions as in [64] . Let us compare this with the result from the dual type II string on Z. We choose a parametrization where B = 0 corresponds to a D3-brane at a generic position away from the 7-branes; 28 the relation to the Kähler moduli of Z * 1 is given in (A.4) . This leads to the cubic prepotential
Although this result is apparently consistent with (5.6), there are surprising details. Without the last term the prepotential (5.7) agrees with those for the supergravities based on certain homogeneous spaces, discussed in [31] [63] . However there is in addition the S 3
II
coupling that corresponds to a 1-loop effect from the point of the 7-brane world volume. It leads to a further mixing of the fields S II and B; this asymmetry is expected from the lower supersymmetry on the 7-brane. More importantly it follows from the parametrization (A.4) that the above result for the D3-brane coupling is only valid in a regime in the moduli where Im U > Im S II , which is not the standard regime of the perturbative type II string. In other words, the classical gauge coupling on the D3-brane is the smaller of the two 7-brane moduli.
In the usual derivation of (5.6), one assumes Im U and Im S II to be large, but one does not specify the ratio of the two. However it follows from the heterotic dual, that the type IIB on the orientifold T 2 /Z 2 × K3 has a strong coupling singularity at S II = U . The perturbative couplings depend on the sign of Im U − Im S II . For Im U ∼ Im S II there are large perturbative as well as non-perturbative corrections that violate the relation (5.6) badly. Continuing to the regime Im U ≪ Im S the theory is again weakly coupled, but the bare coupling on the D3-brane is Im U , not Im S II . This is relevant also for studies of flux superpotentials in orientifold models.
Another consequence of (5.7) is that the modulus ρ mixes with the other moduli already at the perturbative level (this is even true in the case without D3-branes), through the Kähler potential
where the second term in the second line is the 1-loop correction to the Kähler potential, in the expansion of the 7-brane gauge coupling. For comparable values of the moduli, the above Kähler potential deviates considerably from the factorized form assumed in the study of many orientifold models.
Non-perturbative superpotential for D3-brane moduli
As can be seen from (5.7), and argued more generally from the geometry of the dual Calabi-Yau manifold, the D3-brane moduli B α do not couple to the K3 volume modulus ρ in the classical prepotential F . The absence of these couplings to ρ means that the D3brane moduli B α do not appear in the classical period vector (4.5) and do not enter the classical flux potential W F in (3.4), at least for the subset of fluxes in (3.5) . The moduli B α may therefore enter the superpotential only via the instanton corrections, and behave in this sense very much like the K3 volume modulus, ρ.
We will now show that the instanton corrections indeed depend on the modulus B in a generic enough way to fix all these moduli by the non-perturbative potential. To do so it is sufficient to study the first terms of the potential computed in the dual type IIA string. In an expansion for large K3 volume and at weak coupling, Im S II , Im ρ ≫ 1, the first terms are
(5.8)
Hereq 1 = q 1 andq 2 = q 2 q 3 denote small numbers that correspond to the values of the 7-brane moduli fixed by the classical potential, W F . The above instanton correction shows a rich, generic dependence on the K3 volume modulus Q = exp(2πiρ) and the D3-brane modulus q B = exp(2πiB) through the exponentials
These moduli will be fixed in the second step by the non-perturbative potential (5.8) .
Note that this will generically happen at a point in the moduli where the D3-brane is fixed away from the 7-branes. It would be interesting to study the mass scales on the 7-brane world-volume generated for the matter multiplets from the 37-strings in detail.
More branes
For the identification of the manifold M V for the effective supergravity, it is instructive to consider a slightly more involved case with one more 7-brane. For completeness we record here the general form of the cubic prepotential for the type II dual described in app. A.3:
Here (U, S II , C) denote the 7-brane moduli and B the D3-brane modulus. The above expression shows a rich structure of perturbative corrections in the various coupling constants.
Remarks
The instanton correction (5.1) has an interesting dependence on the complex structure moduli of the two K3 factors, which viewed from the 5-brane world-volume arises as a 1loop effect [3] [18] . It would be interesting to develop the microscopic computation of the D3 instantons from a world-volume perspective and the explicit results obtained here may be of help for progress in this question. It may be worth noting that the instanton corrections to the Kähler potential, which are the original D3-instantons with 4 and 8 zero modes, are included in the type II result as well.
One remark on line bundles. The effective N = 1 superpotential is defined as the holomorphic section of a certain line bundle L, defined classically by the holomorphic (4,0) form on the 4-fold X 4 for the compactification. In the present geometry, this line bundle splits into two line bundles L H and L V of the holomorphic (2, 0) forms on X H andX V , with curvatures determined by the Kähler potentials on (a submanifold of) the scalar manifold M H for the hyper multiplets and the scalar manfiold M V for the vector multiplets, respectively. This will play an important role in sect. 6. Note that the coefficient c k of the k-th instanton term Q k is not the section of the line bundle of the superpotential, as is sometimes claimed in the literature; however, it is the section of a different line bundle.The section defined by the superpotential includes the moduli dependence on ρ through the instanton exponential. As will be discussed briefly in sect. 6 this line bundle L is affected by further quantum effects.
Generalized type II compactifications
In the previous part of the paper, we were using duality in one direction, namely to learn about the non-perturbative F-theory potential from the closed string dual. In this section we study the consequences in the other direction, leading to a natural proposal for a generalization of the Gukov-Vafa-Witten superpotential to the case of generalized type II compactifications. 29 
Generalized GKV superpotential
The popularity of flux compactifications is largely due to the fact that they allow to understand non-supersymmetric ground states as the vacua of a supersymmetric compactification with supersymmetry spontaneously broken by the flux. We have used this fact before, when computing the instanton corrections to the superpotential, essentially from a different amplitude in the parent theory with higher supersymmetry.
The search for the most general gauge and geometric backgrounds in string theory that can be described within an underlying N = 2 effective supergravity is still ongoing [21] [67] [68] [69][8] [65] . The effective supergravity gives an expression for the scalar potential of the theory in terms of gaugings of the isometries of the manifold of scalar fields. 30 However it turns out that for many purposes it is much simpler and more powerful to use an N = 1 language. For the case of gauge 3-form fluxes in type IIB, one has the well-known Gukov-Vafa-Witten superpotential [9] 
where F 3 is the RR 3-form and H 3 is the NS 3-form. Generalized type II string compactifications involving metric and dilaton degrees of freedom turn out be quite complicated technically. The simplest case is the mirror of the type IIB theory with both RR and NS fluxes as described by (6.1), and it leads to compactifications on generalized (half-flat) manifolds discussed in [21] [67] . These are non-complex manifolds, whose geometry is less manageable then that of Calabi-Yau manifolds. It would be very helpful to have a simple superpotential that generalizes the GVW superpotential to all these cases.
We will now propose such a generalization. On a subset of fluxes specified below, the proposal can be explicitly derived from a chain of string dualities; since the argument requires some geometrical background we give first a physical argument and defer a more rigorous derivation and some details to the next section.
The GVW superpotential (6.1) has an elegant physical interpretation as the tension of 4d domain walls obtained by wrapping the RR and NS 5 branes of the type IIB on 3-cycles in the manifold. This relation to domain walls suggests that the generalized potential should also be simple. In fact, the F-theory superpotential (3.4) ,
, (6.2) 29 Related results have been obtained in [65] from a study of generalized CY manifolds in the sense of Hitchin [66] . 30 See ref. [27] and references therein.
is also related to the (classical) tension of 4d BPS domain walls, obtained from a 5-brane stretched between the 7-branes on the upper K3X V and wrapping a 2-cycle in the lower K3 X H . The 4d BPS tension is proportional to the wrapped volume and this is measured by the bilinear combination of the periods of the (2, 0)-forms in W F . We will now argue that the natural expression that describes the exact BPS tension of these domain walls in terms of the dual type II side is also a simple bilinear, of 'quantum periods':
The idea of the above formula is that this superpotential describes the type II compactification on a generalized (non CY-)manifoldZ, which is related to its parents (Z,Ẑ) by switching on quantized background fields induced by the domain walls. Here {γ I } ({γ I }) is a basis for H 3 (Z, Z) (H 3 (Z, Z)) and a similar notation is used for the mirrorẐ. Moreover {α Λ } is a basis for H 2k (Z, Z).
Before continuing, a few words of caution. In the above expression we use bold-face letters I, Λ to denote indices that run over the full cohomologies, whereas ordinary letters will be reserved for a set of "electric" A-cycles under the symplectic pairing in H 3 (X, Z), running over 1 2 h 3 indices. The derivation in the next section applies strictly only to a subset of the electric gaugings, corresponding to the ordinary indices I, Λ in (6.2). We will give some plausible arguments that (6.3) is the natural generalization in the simultaneous presence of electric and magnetic charges, but the generalization is non-trivial. Moreover one expects that there will be some consistency conditions on the matrix G IΛ , generalizing the tadpole condition F ∧ H = 0 of [19] (see also [69] ).
With this preliminaries and up to a small modification that will be added momentarily, eq.(6.3) is our proposal for the generalized GVW superpotential describing general backgrounds induced by a large class of new domain walls in the type II theory. The relation between the deformed backgroundZ and its parents (Z,Ẑ) is very similar to the case of half-flat manifolds, which are not Calabi-Yau, yet the superpotential is computed by the quantities in a parent Calabi-Yau [21] . In other words, the superpotential is the section of a certain line bundle, which is made from contracting the two symplectic sections defined by the holomorphic (3,0) forms on the parents (Z,Ẑ). The background determines the contraction, but it does not change the geometry of the underlying bundles.
Although the formula is obviously mirror symmetric, we consider it in the context of type IIA theory on Z for concreteness. As already indicated by the second expression, the integrals above should be thought of in terms of quantum cohomology. The 'quantum integrals' of e B+iJ contain the world-sheet instantons of the type IIA theory (which played an essential role in the foregoing sections), and these are summed up by the period integral on the mirrorẐ. Similarly the period integral on the hyper multiplet side should be generalized to include all quantum effects.
Before discussing these quantum effects, let us connect the above superpotential to the quantities in the effective N = 2 supergravity. The scalar manifold M H for the hyper multiplets of type IIA string compactified on Z is a quaternionic space of a special type, called dual quaternionic in [70] . The number of hyper multiplets is n H = 1+h 12 , where h 12 is the number of holomorphic (2,1) forms on Z. The 4n H scalars in the hyper multiplets of type IIA theory compactified on Z arise as
where z a are the complex structure moduli of Z, C the RR 3-form, φ is the dilaton and a the 4d scalar dual to B µν . The space M H has (at least) 2n + 3 Abelian isometries which can be gauged under the U (1) gauge symmetries. These correspond to shifts of the 2n + 2 fields ξ A ,ξ A , A = 0, ..., h 12 and the shifts of the NS axion a [70] . The most general (hyper multiplet) gaugings in supergravity have been considered so far in [8] , where it was shown that one can gauge the 2n + 3 isometries under certain consistency conditions on the Killing vectors that follow from the underlying Heisenberg algebra defined by the isometries. 31 The formula (6.3) is the generalization of the GVW superpotential for these more general supergravity gaugings, going beyond the 3-form flux F 3 − S II H 3 in type IIB language. The charges of the scalars in the hyper multiplets under the h 3 (Ẑ) = 2n V + 2 electric and magnetic U (1) symmetries are given by the integral matrix G IΛ ; for the electric gaugings in F-theory this fact is derived in (3.8) . However note that the matrix G IΛ has only h 3 (Z) × h 3 (Ẑ) = (2n H + 2) × (2n V + 2) entries, and thus misses the 2n V + 2 gaugings of a single hyper multiplet scalar under the U (1) gauge symmetries.
The missing isometry is that of the NS axion a. In [42] [71] the supergravity associated with the GVW superpotential has been studied, and it was shown that the gauging of a arises from the RR 3-form flux F 3 . That is, although (6.3) is on the one hand a substantial generalization of the GVW superpotential, it misses the piece Z F 3 ∧ Ω due to the RR flux.
The missing of this term in (6.3) is not essential for a background that preserves the 10d SL(2, Z) invariance of the type IIB string, as one can always rotate to a basis where there is only a NS flux. On the other hand, backgrounds that break the 10d SL(2, Z) can be easily described by the replacement which describes precisely the superpotential for a RR flux F 3 = N Λγ Λ in the type IIB theory.
The presence of the shifted terms (6.4) will be argued more rigorously in the next section; a physical interpretation is as follows. As alluded to above, the extra term is really related to backgrounds that break the 10d SL(2, Z) invariance. To motivate the replacement (6.4), as well as get further insight into the formula (6.3), recall that the quantum definition of the period integrals Π I is as objects in the topological string theory on Z. It was argued in [10] , that the topological string has an S-duality, which is inherited from the 10d SL(2, Z) duality from the type II string. It was further argued that there is a coupling
where the subscript A (B) refers to the A-model (S-dual B-model) on a CY, g A = g −1 B are the topological coupling constants, and C and B are 3-form and 2-forms, respectively.
Note that the above coupling reproduces both, the NS and RR term in (6.1), from the terms proportional to dB NS and dB RR but to describe these terms with general coefficients that break the SL(2, Z) one has to add in some sense both terms at the same time. Note also that (6.6) defines the superpotential for the case of type IIA compactified on the special half-flat manifolds considered in [67] .
The antisymmetric tensor fields B and C are defined up to discrete, integral shifts by elements of the cohomology. 32 The breaking of the SL(2, Z) is a quantized effect and it is natural to think of it as shifting the values of, say the NS field relative to the RR field by an integer, in a way that breaks S-duality. In fact shifting, say in IIA,
where S denotes the S-duality operation, the coupling (6.6) produces precisely shifts of the form (6.4). Note that, similar as the original F-theory expression (6.2), the superpotential is a section of two separate line bundles over the manifolds M V and M H . This factorization is preserved by the instanton corrections discussed in the previous sections.
T-dualities
Note that integral basis transformations of H 3 (Z, Z) and H 3 (Ẑ, Z) generate a large group of "T -dualities",
These dualities can lead to symmetries in the moduli of a single theory, if the transformation is induced by a monodromy in the original moduli space and at the same time the flux matrix respects these symmetries. Otherwise the duality relates the effective theories of different compactification backgrounds. This is similar as in the more familiar case of the moduli space of N = 2 parent theories [46] , where some of the symplectic transformations keep the action only form invariant, whereas those generated by monodromies are true symmetries. A continous, real version of (6.7) is realized in the classical supergravity [8] .
The above transformations do not mix with the extra component (6.5) related to the RR flux. It is natural to ask, how the SL(2, Z) transformations that act on the GVW superpotential (6.1), combine with the T-dualities in (6.7). In the next section we will give evidence, that the combined transformation generate a duality group
What we want to show first is that in the limit of large t E , t B one recovers the classical definition of the CY periods from the K3 periods,
Combining this with the identifications of the periods on the side of the vector multiplets, (3.8), this will establish (6.3) for the subset of fluxes discussed above.
Some details on how the periods of K3 map to the periods of Z s.d. have been described in [77] . However for our purposes it is more convenient to use a result on mirror symmetry of ref. [75] . It was shown there that if Z n+1 is a CY n+1-fold for an F-theory compactification dual to the heterotic string on an n-fold X n , then the mirrorẐ n+1 of Z n+1 is a fibration X n →Ẑ n+1 → P 1 withX n the mirror of the heterotic compactification manifold X n . Moreover the stable degeneration limit of Z n+1 maps to the large base limit ofẐ n+1 . The virtue of this 'theorem' is that we can write at once the period vector of the manifold Z in the s.d. limit:
The factorized structure of the period vector is characteristic of any fibration X n → Z n+1 and can be seen as follows. In the mirrorẐ n+1 , the period vector (6.10) corresponds to the complexified volumes of the even-dimensional cycles. In the limit of a large base with volume V , these are of the form C 2k(+2) = C 2k (X n ) × (1, P 1 ) and their volumes are given by the period vector (6.10). 33 In our case, n = 2 and the mirrorẐ of Z is therefore a K3 fibration, with a K3 fiber X that is related to X e.f. H by mirror symmetry of polarized K3 surfaces [78] . It follows that the upper half of (6.10) is precisely the period vector Π I (X e.f. H ) of X e.f. H . Plugging the special form of Π I into the general formula (6.3), we recover the F-theory potential W F (6.2), restricted to the fluxes that are available in the s.d. limit.
To recover the missing fluxes and to motivate the most general formula of sect 6.1, let us see how the period Π I of Z s.d. sits inside the manifold M H for generic values of V and the type IIA dilaton. By the c-map [70] , the 4(n + 1) dimensional quaternionic manifold M H has a 2n dimensional Kähler submanifold K H of special type. For the hyper multiplets associated with a general K3 surface X H this relation is
33 More precisely, one loses the cohomology associated with singular fibers in this approximation, and this is the part that corresponds to the heterotic bundle data mentioned before. See [26] for more details on this argument including the intersection form on the cycles. Note also that Π I defines a symplectic section of the special form (4.5) discussed in sect. 4. This is a consequence of the fact, that in the M-theory compactification to 3d on a further circle, there is a symmetry that exchanges the two K3 factors. This exchanges the also the manifolds M H and the hyper
where s is the basic map defined in [70] , arising from the compactification of the type II string on a CY times an extra circle. The moduli on the l.h.s. of (6.11)are the hyper multiplet scalars for the lower K3 X H . As indicated, the first factor on the r.h.s of (6.11)can be identified with the parameter V of the stable degeneration, and the 2nd factor with the complex structure of the specialized K3 manifold X e.f. H . This is in agreement with the factorized form of the period vector (6.10).
Note that a subset of the symplectic transformations acting on H 3 (Z, Z) acts as a SL(2, Z) on the first factor on the r.h.s. of (6.11); in particular there is one transformation exchanging the upper and lower halfs of the period vector (6.10). Thus from the point of the CY geometry, it is very natural to extend the set of gaugings to the full period vector Π I , as has been implemented in (6.3) .
To recover the extra term in (6.5) associated with the RR-fluxes in the type IIB dual, we have to consider a more general F-theory flux on a generic, non elliptically fibered K3, X H . This means necessarily to abandon one of the two Kähler moduli t E and t B , related to the s.d. limit and the type IIA dilaton, respectively. To recover the classical limit, in which the 'quantum periods' Π I are related to the geometric period integrals we have to keep the type IIA dilaton large and the volume of X H finite.
We describe now a deformation to a generic K3 starting from the elliptically fibered case. Consider the K3 X e.f.
H
with Kähler class Let C denote the unique class orthogonal to J, normalized to C.C = −2,
where S = E − 2B is the section the elliptic fibration. One can deform the complex structure to grow a component in the direction of C µ = C ω, (6.12) with ω the (2, 0) form. Consider a series of the above deformations with decreasing t E but fixed volume V . By the above identification of t B with the 4d dilaton, this is a weak coupling limit, t B ∼ t −1 E + ..., of the type IIA string. We are interested in the scaling of the deformation (6.12) with the dilaton t B . From the definition of C one finds that the deformation µ scales as µ ∼ t B . .
Thus the new period vector Π I for the generic K3 X H has one entry of O(g 10 ) that reproduces the extra term (6.5), and the potential from the RR-flux in the type II theory is just one of the terms in the F-theory potential (6.2). This is not surprising, since the type IIA dilaton maps to a hyper multiplet of the F-theory K3. Note that the symplectic transformations on Π I mix the new period with the original ones, leading to the generalized duality group (6.8).
Since the above limit requires small t E , there are world-sheet instanton corrections to the hyper multiplet metric in the heterotic string. These are already included in the exact type IIA period integrals (6.10) in the form of exponential corrections ∼ exp(2πiV ). See [79] for an interpretation of these instantons in the heterotic string. In fact these corrections are dual to the D3 instanton corrections in F-theory on a divisor of type C) of sect. 2. It would be interesting to study this relation in more detail.
Some remarks
A cautionary remark is overdue at this point: it is not at all obvious, that the scalar potential of the most general gauged N = 2 supergravity can be written in terms of a superpotential W . The Killing prepotentials P x Λ , x = 1, 2, 3 of the N = 2 effective supergravity are a triplet of the SU (2) R-symmetry. To define the superpotential (3.2) one has to choose a preferred direction in the SU (2) corresponding to the D-term. A careful discussion of how to define the F -terms (3.4) and D-terms (3.11) in the F-theory compactification can be found in [32] . Note that the same flux gives rise to both terms. In the general N = 2 scalar potential there are terms that mix the candidate F -terms and the candidate D-terms and these mixed terms might be incompatible with the N = 1 language. The ansatz (6.3), or even (6.1) for a generic point in the hyper moduli, does only apply to the case which can be consistently described in N = 1 terms.
Secondly, we have not discussed the hyper multiplet moduli in the F-theory that are present for general gauge bundles on X H . From the point of the type II compactification on the CY, there is no clear distinction between these moduli and the geometric moduli associated with K3 and there is no reason why one should restrict to the latter in the summation over the moduli of Z in (6.3). This is reasonable, but needs to be understood further. In particular it would be interesting to understand the gauging of bundle moduli in the language of F-theory or the heterotic string.
Finally let us mention that the F-theory potential W F in (6.2), has a large number of classical supersymmetric ground states, both of N = 2 and N = 1 supersymmetry [80] [32] . As discussed in the previous section, the F-theory fluxes map to quite general compactifications on the generalized CY manifolds of [66] , where this property may be much less obvious. It would also be interesting to study the vacuum structure of (6.3) for the most general case. Note that the superpotential (6.3) depends on all CY moduli multiplets and should generically lead to a complete fixing of all moduli.
Some remarks on the vacuum structure
In this section we look into some properties of the vacuum structure of the instanton corrected scalar potential. We will not attempt a detailed study, which will be considered elsewhere. We will restrict to point out a few interesting aspects that are worth of further studying.
There are essentially two different cases, depending on whether the value of the superpotential at the classical vacuum, W 0 , is zero or non-zero before taking into account instantons. In the no-scale approximation these correspond to supersymmetric and nonsupersymmetric vacua, respectively. We discuss these two cases separately.
The scalar potential for the F-theory compactification is given by the instanton corrected F -term (3.9) and the D-term (3.11) . In [1] , the minimization of the potential was performed in two steps, where one first fixes the vevs for the moduli appearing in the classical flux potential W F and then uses the result as a potential for the moduli that appear only in instanton corrected part. From the results in [6] we expect, that this two step procedure is justified in a generic enough situation. However it is important to check the absence of unstable directions, which is a necessary condition for the existence of an uplift to dS [81] .
In the present compactification, the effectiveness of the classical potential W F in fixing most of the moduli has been discussed in [32] ; see also [35] for a similar study for compactifications with D9/D5 branes. On the other hand the K3 volume ρ and the D3brane positions B α do not appear in the classical flux potential and are to be fixed by the non-perturbative effects.
On general grounds, one expects that the F-theory compactifications considered in this paper behave like the KKLT model for very large volumes. The advantage of our models is that one can also compute the potential in the regime of smaller volumes by string duality, thus probing a more generic class of string vacua. However, as we will discuss now, also at large volume there is a richer structure of vacua then in the KKLT model.
The reason is that the Kähler potential of the F-theory compactification depends differently on the modulus ρ that governs the instanton corrections. Instead of being general we take as a simple example the compactification on Z 0 dual to F-theory without D3branes; the conclusions in more complicated models will be similar. The Kähler potential
where we have neglected α ′ and instanton corrections for simplicity. As before, ρ denotes the modulus which measures the K3 volume and determines the strength of the instanton corrections; on the other hand the moduli t 1 , t 2 are generic D7-brane moduli that appear also in the classical flux potential W F . In the two step procedure, one looks first for solutions to the equations D t a W F = (∂ t a + K t a )W F = 0, K t a = ∂ t a K, a = 1, 2.
The problem with this is that the first derivatives K t a depend on the K3 volume modulus ρ, also for large values of t a , ρ. Thus the value W 0 at a solution of the above equations will be a function of ρ. Thus one can not naively apply the two step procedure adopted in [1] .
Restricting the sizes of the moduli (t a , ρ) further, there are roughly speaking two large volume regimes where the first derivatives K t a are independent of ρ I : Im ρ ≫ Im (t a ), II : Im ρ ≪ Im (t a ) (7.2)
In these regimes, W 0 is approximately independent of ρ and one can attempt a two step procedure as in [1] .
Despite of the fact that the Kähler potential is still different from that in the KKLT model in these regions, the regime I is expected to behave very similar. The other large volume regime is different and leads to a large enhancement of the instanton corrections. Let us recall why a very small W 0 was required in the KKLT ansatz and see how this conclusion is relaxed in the regime II of the F-theory duals. With a Kähler potential K = −3 ln(ρ −ρ) and the ansatz w inst = Ae iaρ , the minimization of the ρ modulus
reduces to
Here ρ 1 has been set to 0 for simplicity. The function on the r.h.s. has a very small maximum for reasonable values of the parameters A and a, since the growth of the term K −1 ρ = 2ρ 2 /3i for large ρ 2 is cut off by the exponential suppression from the instanton prefactor. A solution to this equation at sufficiently large positive ρ 2 thus requires a very small W 0 [1] .
With the Kähler potential (7.1) one finds in the two regions
, Im (t a ) Im ρ ≪ Im (t a ).
(7.5)
We do not distinguish the values of the moduli t a for simplicity, with the understanding that the precise behavior of K −1 ρ will depend on the details. The important point is that for the non-minimal Kähler potential, K −1 ρ is considerably larger in the regime Im ρ ≪ Im t a then in the KKLT model and this leads to a very effective enhancement of the prefactor of the instanton exponential. We have studied some examples and find that the enhancement factor is easily of O(10 2 − 10 3 ).
Note that the enhancement does not depend on the details, and works if one or more of the Im (t a ) are sufficiently large. Although the value of W 0 is weakly correlated with the values of the t a , there is no reason to expect that the relevant ratio K ρ · W 0 is fixed when increasing Im (t a ) in certain directions. So the enhancement will take place for the subset of fluxes 34 which lead to sufficiently large Im (t a ).
Note that it was also important here that there are two different types of Kähler moduli, the t a fixed by the classical potential and ρ fixed by the non-perturbative effects. Otherwise the minimization equations for the t a would lead to equations similar to (7.4) , but with the instanton prefactor being an exponential in t a , which would bring back the original condition W 0 ≪ O(1).
We have performed a preliminary study of the vacua, using the full instanton corrected Kähler potential and superpotential, where the above enhancement can be explicitly studied. We find an interesting structure of the scalar potential with either one or two minima, with and without supersymmetry. In particular there are non-supersymmetric vacua similar to the ones discussed in [38] . Since the potential is computable to high precision, one can follow the evolution of the vacua for growing W 0 into a stringy regime at smaller volumes, where the supersymmetric vacuum of [1] ceases to exist and is replaced by a non-supersymmetric vacuum. A detailed discussion will appear elsewhere [82] .
Strongly coupled IR physics and N = 1 Minkowski vacua
The flux potential (3.4) allows for a large class of N = 1 supersymmetric Minkowski ground states of the effective N = 2 supergravity with W 0 = 0 at the minimum[80] [32] . 35 The condition W 0 = 0 means that there are integral linear combinations of the period vectorΠ Λ , that vanish at the minimum
Similarly such null vectors may also exist in vacua with a total W 0 = 0 at the minimum. There are two distinct cases depending on whether one of the null vectors is an integral vector of norm (v α ) 2 > −2 or not. In this case there is a classical gauge symmetry enhancement in 8d from colliding 7-branes. 36 In the latter case, let us assume that the matter spectrum of the 4d N = 2 gauge theory from the 7-branes leads to an asymptotically free theory. 37 As is well-known [34] , this theory is strongly coupled near the origin of the Coulomb branch, for any non-zero bare coupling. In the present case, the modulus ρ sets the bare coupling for the 7-brane gauge groups while the positions of the 7-branes are controlled by the moduli t ′ a . Tuning the t ′ a to obtain an asymptotically free 4d gauge theory on a subset of 7-branes leads to the divergence of the instanton expansion w inst . 35 There are claims in the literature that supersymmetric solutions in type IIB require the presence of negative sources for the space-time tadpole. The type IIB compactifications associated with the perturbative vacua discussed in this section are well-known counter examples to these claims. 36 See e.g. [47] for a discussion and further references.
This divergence arises for any large but finite Im (ρ) from the divergence of the coefficient functions f k (q ′ a ) in (5.1) . It follows that one can not use the approximation W = W F + O(Q) in this case; instead one has to resum the instanton series into a convergent series adapted to this regime, such as in [83] [20] .
Let M ♭ denote a neighborhood of the subloci in the moduli where there are vectors v α Λ of the special type described above associated with an asymptotically free non-Abelian gauge symmetry. The theory is strongly coupled in this regime and the subspace M ♭ should therefore be deleted from the moduli space when studying the approximation to the classical superpotential W = W F + O(Q). 38 There may also be vacua in the strongly coupled region M ♭ , however these are not small deformations of vacua of the classical potential W F , and need to be studied by the different means of a strong coupling expansion.
These statements hold independently of whether the values W 0 of the superpotential at the minimum is zero or not. However we will now argue that in the supersymmetric case W 0 = 0, the weakly coupled vacua are unstable against decompactification and thus artifacts of the 8d approximation. We will only sketch the argument here, pointing out the general structure and the two branches of solutions. A more detailed account can be found in [20] , in the context of heterotic string compactifications. The gravitino mass matrix in the effective N = 2 supergravity is
where P x Λ , x = 1, 2, 3 are the Killing prepotentials describing the flux. In particular P Λ = P 1 Λ + iP 2 Λ is the complex combination related to the superpotential (3.8) and P 3 enters the D-term (3.12). Near a N = 1 vacuum with dW = W = 0 = V D , the mass matrix is of the form
where w inst is the D3-instanton correction defined in (4.4) and a subscript 0 denotes the vacuum value. By assumption, W 0 = 0 in the original vacuum and the left upper corner is non-zero due to the extra term; otherwise one would have two massless gravitinos and N = 2 supersymmetry. The second term in (7.7) is the instanton correction, where p 0 denotes the component of P Λ multiplying the instanton corrected period. 39 One might expect that for a small correction w inst , the moduli in W 0 may adapt themselves to restore a zero eigenvalue by a small shift in W 0 . However this hope is excluded by a no-go theorem [84] . This no-go theorem states that whenever the symplectic section (X Λ , F Λ ) derives from a prepotential, that is F Λ = ∂ ∂X Λ F (X Λ ), there can not be partial supersymmetry breaking to N = 1 with dW = W = 0. The section (X Λ , F Λ ) in (4.5), can not be derived from a prepotential if w inst = 0 since it does not depend on ρ. On the other hand there is a prepotential after including the ρ dependent instanton corrections. The instanton correction w inst vanishes at ρ = i∞, where one recovers the original N = 1 supersymmetric vacuum. However this vacuum is strictly 8 dimensional and should therefore not be counted as a point in the vacuum space of 4d strings. The only way to avoid the conclusion that the vacuum decompactifies is that there is a new minimum created by the the correction w inst , which means that the instanton effects are large and such a vacuum is not described by the classical superpotential W F .
Thus including the instanton corrections leads to a quite dramatic change in the statistics of perturabtive N = 1 Minkowski vacua, compared to the study of the classical potential. Most vacua are destabilized by the D3 instanton effects and decompactify to eight dimensions. Only a small fraction is possibly stabilized by strong infrared dynamics, in the concrete case by confining gauge theory on the brane. 40 Thus including the instantons leads to a new picture with less vacua, which moreover are all "semi-realistic" in the (weak) sense that they lead to interesting low energy physics. t a is an elliptic fibration over the Hirzebruch surfaces F n with n = 0, 1, 2. 41 Let Z n denote the elliptic fibration over F n . The manifold Z n is described by a toric polyhedron spanned by the 7 vertices [0, 0, −1, 0], [0, 0, 0, −1], [0, 0, 2, 3], [1, n, 2, 3], [−1, 0, 2, 3], [0, 1, 2, 3], [0, −1, 2, 3].
(A.1)
Each vertex is associated with a coordinate x i and a divisor D i : x i = 0 in the standard way [85] . The classical prepotential depends on the topological data as described in eq.(4.1). All manifolds have χ = −480, whereas the other data vary: Z 0 : c 2 (J a ) = (92, 24, 24), F cubic = 4 3 t 3 1 + t 2 1 t 2 + t 3 (t 1 t 2 + t 2 1 ), Z 1 : c 2 (J a ) = (92, 36, 24) , F cubic = 4 3 t 3 1 + 3 2 t 2 t 2 1 + 1 2 t 2 2 t 1 + t 3 (t 2 t 1 + t 2 1 ), Z 2 : c 2 (J a ) = (92, 48, 24), F cubic = 4 3 t 3 1 + 2t 2 t 2 1 + t 2 2 t 1 + t 3 (t 1 t 2 + t 2 1 ).
The manifold Z 1 has another, flopped geometric phase, see e.g. [61] . By a change of variables t 1 = U, t 2 = T − U, t 3 = S − (1 − n 2 ) U − n 2 T , the cubic parts of the prepotential can be be brought into the standard form F = ST U + 1 3 U 3 , which is the prepotential in the perturbative heterotic string variables [50] .
The three Kähler moduli t a are the volumes of the curves in the classes C a :
that represent the elliptic fiber E, the fiber F of F n and the exceptional section B of F n , respectively. The variable t 3 enters linearly in the prepotential. We identify it with the volume of the lower K3 X H , t 3 = ρ and use Q to denote the D3-instanton weight (2.1). The two other moduli describe the positions of two independent D7-brane on base P 1 of the upper K3X V in K3 × K3.
A.2. 2 D7 branes and 1 D3 brane
The manifold is described by a toric polyhedron spanned by the 8 vertices There are four geometric Calabi-Yau phases related by flops. We consider a phase where the D3-brane is in a generic position. The toric diagram of the base and the triangulation are shown in Fig. 1 . 41 Fibrations with n > 2 describe gauge backgrounds that leave more then two independent 7-brane moduli on K3 × K3, as follows from F-theory/heterotic/F-theory duality and the results of [16] . The cubic part of the prepotential is F cubic = (t 2 t 1 + t 3 t 1 + t 2 1 ) t 4 + (2t 3 t 2 t 1 + 3 2 t 2 t 2 1 +
and topological data χ = −420 and c 2 (J a ) = (82, 36, 48, 24) . The four Kähler moduli t a are the volumes of the curves in the classes C a :
C 1 is the class of the elliptic fiber, C 2 is the proper transform of the fiber F of F 1 after the blow up, C 3 is the exceptional P 1 and C 4 is the class of the section of the K3 fibration. The translation to moduli in the dual F-theory is as follows. The volume of C 4 , t 4 , is again identified with the volume modulus ρ of the dual K3 X H . The three other moduli correspond to two independent D7 brane moduli, and one D3-brane modulus. The two moduli t 2 and t 3 describe the position of one D3-brane relative to the 7-branes and encode therefore already one position of the two 7-branes. One can take t 2 or t 3 as the position of the D3-branes, while t 1 and t 3 + t 2 as the two positions of the two D7-branes; in fact t 3 + t 2 is the volume of the curve D 3 .D 4 which is the section of the (elliptic fibration of the) K3 fiber which has already been identified with one of the D7-moduli in the manifold Z 1 without D3-brane.
There is a single light hyper multiplet from 37 strings for t 2 = 0 or t 3 = 0. There is another hyper multiplet with mass t 3 + t 4 which gets light at strong coupling or small K3 volume. As explained before, each hyper multiplet is the first state in an infinite tower of particles associated with a non-critical string with E 8 current algebra. This is confirmed by a computation of the Gromov-Witten invariants w inst = q * (1 + 252q 1 + 5130q 2 1 + 54760q 3 1 + ...) = q * E 4 η 12 (q 1 ), (A.3)
for q * ∈ {q 2 , q 3 , q 3 q 4 }. In fact the divisors D 5 and D 8 are described locally by a Weierstrass equation y 2 + x 3 + xzf 4 + z 6 g 6 = 0 , in C 5 /(C * ) 2 , where subscripts denote the homogeneous degree of the polynomials f and g on the coordinates on a P 1 base. The sum in (A.3) arises from 2-cycles in that wrap once the section and k times the elliptic fiber. The instanton correction to the superpotential is contained in the period ∂ 4 F . From the prepotential (A.2), and the special choice of section eq.(4.5), it follows that the classical superpotential does not depend on the moduli t 4 and t 2 − t 3 . As expected the two unfixed moduli in the dual theory are the K3 volume and the D3-brane position, whereas the D7-brane positions t 1 and t 2 + t 3 are fixed by the classical superpotential.
Here are two possible parametrizations of the moduli adapted to the F-theory dual. The first is
This corresponds to a D3-brane position with B = 0 centered away from the 7-branes, valid in the patch Im t a > 0. The shifts in ρ have been chosen to simplify the cubic terms. The second parametrization is
This corresponds to a D3-brane sitting on top of one of the 7-branes for B = 0. Note that in both cases, Im t a > 0 requires U > S II .
A.3. 3 D7-branes and 1 D3 brane
For the identification of the effective supergravity theories it is interesting to consider one extra D7 brane. We consider the manifold Z ♭ 0 defined by the vertices This manifold is related to Z 0 by a blow up in the K3 fiber, corresponding to a further independent D7-brane, and a blow up in the base F 0 corresponding to one space-filling D3brane. 42 There are several geometric CY phases in the Kähler moduli space. We consider one, where the D3-brane is at a generic position. The topological data are χ = −360, c 2 (J a ) = (136, 82, 24, 24, 36) and F cubic =(3t 2 1 + t 2 2 + 2t 1 t 5 + 4t 2 t 1 + t 2 t 4 + t 2 t 5 + 2t 1 t 4 )t 3 + 12t 2 t 2 1 + 1 2 t 2 5 t 2 + 6t 1 t 5 t 2 + 7t 1 t 2 2 + t 2 t 4 t 5 + 4t 4 t 2 1 + 3 2 t 5 t 2 2 + t 4 t 2 2 + 7 6 t 3 2 + 20 3 t 3 1 + t 1 t 2 5 + 5t 5 t 2 1 + 4t 2 t 4 t 1 + 2t 1 t 5 t 4 .
There are two linear variables, t 3 , t 4 that can be identified with the K3 volume ρ. This corresponds to two dual compactifications of F-theory on K3 × K3. With the parametrization 
